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Abstract 

The geodesic motion of pseudo-classical spinning particles in Euclidean 
Taub-NUT space is analysed. The constants of motion are expressed in 
[ — . terms of Killing- Yano tensors. Some previous results from the literature 

are corrected. 

p; PACS number(s): 04.20. Jb, 02.40.-K 

The configuration space of spinning particles (spinning space) is an supersym- 
metric extension of an ordinary Riemannian manifold, parametrized by local co- 
ordinates {x 11 }, to a graded manifold parametrized by local coordinates {x^, i/j^}, 
with the first set of variables being Grassmann even (commuting) and the sec- 
ond set, Grassmann odd (anticommuting). The equation of motion of a spinning 
particle on a geodesic is derived from the action: 

S = la dT {\ 9 ^ {X) ^ ^ + \ 9flu(X) Ifr) • (1) 

The corresponding world-line Hamiltonian is given by: 

H = l -g^Ii v (2) 

where = g tJ-u x l/ is the covariant momentum. 
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For any constant of motion J(x, IT, ip), the bracket with H vanishes {H, J} = 

0. 

If we expand J{x, II, ip) in a power series in the covariant momentum 

OO 1 

J = Y.-,J {n) ^ n M)^---^ n (3) 

n=0 U - 

then the bracket {H, J~} vanishes for arbitrary II M if and only if the components 
of J satisfy the generalized Killing equations [1,2]: 

j(n) «^(^1.../J W -pq , A 

= l -VrR^ n+ ,J {n+1) \,.., n y (4) 

In general, the symmetries of a spinning-particle model can be divided into 
two classes [1]. First there are four independent generic symmetries which exist 
for any spinning particle model (1) and non-generic ones, which depend on the 
specific background space considered. 

To the first class belong: proper-time translations generated by the hamilto- 
nian H; supersymmetry generated by the supercharge 

Q = n^, (5) 

and furthermore chiral and dual supersymmetry, generated respectively by the 
chiral charge 

r*^^,..,^..^, (6) 

and dual supercharge 
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Q* = *{r*, Qo} = jj—^Vae^.^r 2 ■■■V d (7) 

where d is the dimension of space-time. 

In a recent paper [3] we have pointed out the significant role of the Killing- 
Yano tensors in generating solutions of the generalized Killing equations (4). 

The aim of this paper is to apply the general results to the case of the four 
dimensional Euclidean Taub-NUT manifold. The motivation of this paper is 
twofold. First of all, in the Taub-NUT geometry there are known to exist four 
Killing- Yano tensors [4] . From this point of view, the spinning Taub-NUT space 
is an exceedingly interesting space to exemplify the effective construction of all 
conserved quantities in terms of geometric ones, namely Killing- Yano tensors. 
On the other hand, the Taub-NUT geometry is involved in many modern stud- 
ies in physics. For example the Kaluza-Klein monopole of Gross and Perry [5] 
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and of Sorkin [6] was obtained by embedding the Taub-NUT gravitational in- 
stanton into five- dimensional Kaluza-Klein theory. Remarkably, the same object 
has re-emerged in the study of monopole scattering. In the long distance limit, 
neglecting radiation, the relative motion of the BPS monopoles is described by 
the geodesies of this space [7,8]. The dynamics of well-separated monopoles is 
completely soluble and has a Kepler type symmetry [4, 9-11]. 

Therefore, having in mind the importance of the geodesic motion in Taub- 
NUT space, we extend the study to the spinning Taub-NUT space, correcting 
some inaccurate relations present in the literature. 

In a special choice of coordinates the Euclidean Taub-NUT metric takes the 
form 

ds 2 = V(r) (dr 2 + r 2 d$ 2 + r 2 sin 2 Bd<p 2 ) + 16m 2 V^ (r) (d X + cos 6d^) 2 (8) 

with V{r) = l + *f. 

There are four Killing vectors 

D A = R i Xd^ A = 0, • • • , 3 (9) 



corresponding to the invariance of the metric (8) under spatial rotations (A = 
1, 2, 3) and \ translations (A = 0) [12]. 

In the purely bosonic case these invariances would correspond to conservation 
of angular momentum and "relative electric charge" : 



j=rxp+q- 
r 



(10) 



q = 16m 2 V(r) (x + cos#0) (11) 

where p = yjyj? is the "mechanical momentum" which is only part of the mo- 
mentum canonically conjugate to r. 

In the Taub-NUT case there is a conserved vector, analogous to the Runge- 
Lenz vector of the Kepler type problem: 



K = l -K^ v WW 



px j 



Am 



— AmE 



r 
r 



(12) 



where the conserved energy, from Eq.(2) is 

E= l -g^Yi l Ji y = l -V-\r) 



2 

r + 



MY 



(13) 



A tensor / M1 ... Mr , is called a Killing- Yano tensor of valence r if it is totally 
antisymmetric and satisfies the equation 



f/j, 1 .../j, r - 1 (fj, r ;\) — 0. 



(14) 
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Its existence is equivalent to the existence of a supersymmetry for the spinning 
space, with a supercharge 

Q f = f,,..^r 2 ■■■r r + ^{-iy +1 f^...^ r+l] r i . . . (is) 

which anticommutes with Q [2,3,12,13]. 

The Killing- Yano tensors of the Taub-NUT space are the following: 

Atti 

fi = 8m(dx + cos6d(p) A dxi — £^(1 H )dxj A dx k , i,j, k — 1, 2,3 (16) 

/y = 8m(^x + cosOdip) A dr + 4r(r + 2m) (1 + ^-) sin 9d9 A (17) 

where the first three are covariantly constant, while the last one has only one 
non-vanishing component of the field strength: 

/r^ = 2(l + £>sinfl. (18) 

Using Eq.(15) we can construct from the Killing- Yano tensors (16) and (17) 
the supercharges Qi and Qy. The supercharges Qi together with Q from Eq.(5) 
realize the N=4 supersymmetry algebra [12]: 

{Qa,Qb} = -2i5 ab H , A,B = 0,...,3 (19) 

making manifest the link between the existence of the Killing- Yano tensors and 
the hyper- ahler geometry of the Taub-NUT manifold. 

Starting from the geometric objects (9), (16) and (17) we shall express in 
terms of them all the conserved quantities of the geodesic motion in Taub-NUT 
spinning space. 

In order to find the angular momentum (10) and the "relative electric charge" 
for the spinning case we shall consider the generalized Killing equation (4) for 
n = with the Killing vectors (9) in the right hand side. For the Killing scalar 
Jo we get [3,12]: 

B A = l -R A[ ,, v] rV , 4 = 0, ..,3 (20) 

and the total angular momentum and the "relative electric charge" become in 
the spinning case [14]: 

J = B + j (21) 

Jo = B + q (22) 

where J — (Ji, J 2 , J 3 ) and B = (B u B 2 , B 3 ). 

The components (21) of the angular momentum satisfy, as expected, the 
SO (3) algebra: 

{Ji, Jj} = e ijk J k , i,j,k = 1,2,3. (23) 
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Moreover, the supercharges Qi transform as vectors at spatial rotations 



{Qi,Jj} = e ijk Q k (24) 

while Qy and Qo behave as scalars. 

We note also that the bracket of Qy with itself can be expressed in terms of 
the hamiltonian, angular momentum and "relative electric charge": 

{Q Y ,Q Y } = -2 l ^H + ^^ ] J. (25) 

On the other hand there are some conserved quantities which are peculiar to 
the spinning case. Taking into account the existence of the Killing- Yano covari- 
antly constants tensors fi (16), three constants of motion can be obtained from 
the homogenous part of the generalized Killing equation (4) for n = 

Si = ^W , i= 1,2,3 (26) 

which realize an SO (3) Lie-algebra similar to that of the angular momentum 
(23): 

{Si,Sj} = tijkSk- (27) 

These components of the spin are separately conserved and can be combined 
with the angular momentum J to define a new improved form of the angular 
momentum ij = Jj — Si with the property that it preserves the algebra 

{hi Ij} — tijkh (28) 

and that it commutes with the SO (3) algebra generated by the spin Si 

{Ii,S s } = 0. (29) 

To get the spin correction to the Runge-Lenz vector (12) it is necessary to 
investigate the generalized Killing equations (4) for n — 1 with the Killing tensor 
K^ u (12) in the right hand side. Unfortunately, it is not possible to find a closed, 
analytic expression of the solution of this equation in terms of the Killing tensor 

— * — * 

and its derivatives. But assuming that the Killing tensor K^ u can be written 
in terms of Killing- Yano tensors, the construction of the conserved Runge-Lenz 
vector in Taub-NUT spinning space becomes feasible [3]. 

An explicit evaluation shows that the components of the Runge-Lenz vector 
(12) can be written in terms of the geometrical objects (9), (16), (17): 

Kifiu = ITT- {jYix\fi X v + fYu\fi X ^) + — {Ro^Riu + R{)vRi^) ■ (30) 

This equation corrects some old formulas from the literature [4]. 
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Starting with this decomposition of the Runge-Lenz vector K from the scalar 
to express the corresponding conserved quantity /C in the 



(31) 



case, it is possible to express 
spinning case: 

Ki = 2m (-i{Q Y , Qi} + g^2 JiJ °) ■ 

This expression differs from previous results present in the literature [3, 12], 
and the difference has the origin in the corrected form of relation (30). A detailed 
expression of the components /Q M „ is: 

Ki = 2m\((f Y f z ) {flu) + ^R t ^R 0l/) )wW 



+ 



+ 



fi pfY[ia;\ + fi ^fYaf3;\ 



16m 2 

1 

32m 2 



(RiarfRofi + RoapRiiSj S a ^W 



na/3 C7<5 p D 



where 



S a/3 = _ it pa^ 



(32) 



(33) 



can formally be regarded as the spin-polarization tensor of the particle [1]. 

Therefore, in the spinning case, the Runge-Lenz vector contains additional 
terms linear and quadratic in the spin. The presence of a contribution quadratic 
in the spin, non-existent in Refs. [12,15], is again related to the term JjJ from 
Eq.(31). We would like to emphasize that the contribution of the JjJ term in 
Eq.(31) is essential in reproducing the known vectorial expression of the Runge- 
Lenz vector in the scalar case, and gives the correct Poisson-Dirac bracket between 
two components of the Runge-Lenz vector. 

The Dirac brackets involving the Runge-Lenz vector (31) are (after some 
algebra) : 



{^Ci, Qo} 
{JCi, Jj} 

{/Cj, fCj} = 







k 



Jo 2 



16m 2 



-2H 



(34) 



and are similar to those known from the scalar case. The Runge-Lenz vector /C 
together with the total angular momentum J generates an 50(4) or 5*0(3, 1) 



= o is positive or 



algebra depending upon the sign of the quantity ( 
negative. 

One ought to mention that the interpretation of S af3 defined in Eq. (33) as the 
spin tensor is corroborated by studying the electromagnetic interactions of the 
particle. The condition for the absence of an intrinsic electric dipole moment of 
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physical fermions (leptons and quarks) can be satisfied choosing Q = [1,16]. 
A more general discussion on the inclusion of this physical constraint and some 
explicit solution of the geodesic motion in Taub-NUT spinning space will be 
presented elsewhere . 

One of the authors (M.V.) would like to thank M.Moshe and M.S.Marinov 
for useful discussion on the spinning spaces. 
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